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IF G is a topological group we denote by F,(G) the algebra of all continuous real-valued 
representative functions on G. Here, FR(G) is regarded as an algebra over the field R of 
the real numbers, and the elements of R are identified with the corresponding constant 
functions on G. The group G operates by left and right translations f ---) x..f and f +.f x 
on FR(G), where (x:f)(_v) = f(yx) and (yx)(v) = f(xy). Moreover, FR(G) has an involution 
f -,f’, where f’(x) = f(x-I). A subalgebra F of F,(G) is called an ample algebra of 
representative functions if it contains R, separates the points of G and is stable under the 
translations as well as under the involutionf+f’. Evidently, such ample algebras exist 
only if F,(G) separates the points of G, which we shall henceforth assume. It is a classical 
result that if G is compact then the only ample algebra of representative functions on G 
is F,(G). We shall show that, for a large class of Lie groups, the set of ample algebras 
of representative functions is finite and can be described quite simply with reference to 
the universal inear complexification. 
In order to avoid somewhat extraneous complications, we shall confine our attention 
to connected Lie groups (i.e., real analytic groups) G such that the points of G are separated 
by F,(G), which is the case if and only if G has a faithful finite-dimensional continuous 
representation, by a result due to Goto [l, Theorem (7.1)]. It is almost evident that if 
F,(G) is not finitely generated as an R-algebra then there are infinitely many ample algebras 
of representative functions on G. On the other hand, we shall prove that if FR(G) is finitely 
generated then the set of ample algebras of representative functions on G is finite. Before 
stating the result in full, we recall some known results on the characterization of such groups. 
Let N denote the radical of the commutator subgroup of G. Then N is a nilpotent 
simply connected closed normal subgroup of G [I, Theorem (7.3)]. Now, FR(G) is finitely 
generated if and only if G is a semidirect product H. N, where H is reductive, in the sense 
that it has a faithful finite-dimensional continuous representation and that every finite- 
dimensional continuous representation of H is semisimple [I, Theorems (9.1) and (9.2)]. 
Actually, it is already sufficient for this that G/N be reductive, as is visible from the proof 
of [ 1, Theorem (9. l)]. Finally, we recall that a faithfully representable r al analytic group H 
is reductive if and only if its center 2 is compact and H/Z is semisimple [I, Theorem (7.2)]. 
Let C denote the field of the complex numbers, and let Fe(G) stand for the C-algebra 
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of all complex-valued continuous representative functions on G. Evidently, Fe(G) is simply 
the tensor product FR(G) @ &. Our result is the following: 
THEOREM (1). Let G be a real analytic group such that Fn(G) is finitely generated as 
an R-algebra and separates the points of G. Then the set of ample algebras of representative 
.functions on G is$nite. Moreover, if F is an ample algebra of representative functions on G 
there is a finite abelian group A of algebra automorphisms of Fe(G) commuting with the 
translations such that F On C is the A-fixed part Fe(G)* of F,(G). In particular, Fn(G) is 
therefore finitely generated as an F-module, and F is finitely generated as an R-algebra. 
For the proof, we have to recall some facts concerning complexifications of real 
analytic groups. The universal (linear) complextfkation of a real analytic group G is a 
faithfully representable complex analytic group G+, together with a continuous homo- 
morphism y : G -+ G+ such that, for every continuous representation p of G on a finite- 
dimensional complex vector space V, there is one and only one complex analytic represen- 
tation p+ of G+ on V such that p = p+. y. If, as we have assumed here, F,(G) separates 
the points of G then y is injective, and we shall identify G with a real analytic subgroup 
of G+ through y. Then it is clear that the restriction map is an isomorphism of the algebra 
F(G+) of all complex analytic representative functions on G+ onto F,(G), so that we may 
identify Fe(G) with F(G+) whenever this is convenient. If 0 is the Lie algebra of G then 
the Lie algebra of G+ is 0 OR C. It is known that if Fn(G) (and therefore also F,(G)) 
is finiteiy generated then G+ has the structure of an algebraic linear group, with F(G+) 
as the algebra of all rational representative functions [I, Theorem (9.5)]. 
Now let F be an ample algebra of representative functions on G, where G satisfies 
the conditions of our theorem. Let A denote the subgroup of G+ consisting of all elements x
such that x_f = f for every element f of F (regarded as a representative function on G+). 
Let a be an element of the Lie algebra of A. Then we may write c1 = (r + iz, where B 
and r belong to the Lie algebra of G. Consider the action of the Lie algebra of G+ by 
derivations on Fe(G) that is induced from the action of G+ by left translations. For this 
action, we must have IX(~) = 0 for every element f of F. Noting that F is stable under the 
action of the Lie algebra 0 of G and that its elements take real values on G, we see that 
the restrictions of (r( f) and z(f) to G are 0, whence o(f) = 0 and T(f) = 0 for every element f 
of F. Since F separates the points of G, the representation of 0 on F is faithful. Hence 
we must have u = 0 and z = 0, so that p = 0. Thus we have shown that the Lie algebra 
of A is (0), so that A is a discrete subgroup of G+. Since A is normal in G+ and since G+ 
is connected, it follo& that A must lie in the center of G+. Moreover, A is the kernel of 
a rational representation of G+ and therefore is an algebraic subgroup of G+. Since A is 
discrete, this implies that A is a finite group. 
Now consider the factor group G+/A. This is still an algebraic complex linear group, 
the algebra of the rational representative functions being F(G+)* = Fe(G)*. Now the 
subalgebra F @n C of Fe(G)* is stable under the group translations and under the invo- 
lution f- f ‘, and it separates the points of G+/A. By, the elementary theory of algebraic 
linear groups over algebraically closed fields of characteristic 0, this implies that F @n C 
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must coincide with Fe(G)” [l, Theorem (lO.l)]. Clearly, the algebra automorphisms of 
F,(G) that are effected by the elements of A commute with the right and left translations, 
because A is in the center of G’. 
Hence, in order to complete the proof of our theorem, all that remains to be shown 
is that there are only finitely many groups such as A. Let S be the set of all finite central 
subgroups A of G+ such that A n G = (1). It will suffice to prove that S is a finite set. 
Let N denote the radical of the commutator subgroup of G, and write G = H*N, 
where H is a reductive closed analytic subgroup of G. The universal complexification N+ 
of N is a simply connected nilpotent complex analytic group whose Lie algebra is 92 @ R C, 
where 91 is the Lie algebra of N [l, p. 5271. Consider the representation of H by Lie algebra 
automorphisms of ‘3 that is induced from the adjoint representation of G. This extends 
trivially to a representation of H by Lie algebra automorphisms of the complex Lie algebra 
%BRCofN+. Let a be the corresponding complex analytic representation of H+ on 
‘3 BR C. Then a is a complex analytic homomorphism of H+ into the group of Lie algebra 
automorphisms of ‘3 OR C. Since N+ is simply connected, a determines a complex analytic 
homomorphism a* of H+ into the group of the complex analytic automorphisms of N+. 
We may use a* in the usual way to construct a semidirect product Hf .N+. It is now easy 
to see that this semidirect product, together with the homomorphism G --* H ’ . N+ obtained 
from the canonical homomorphisms H + H+ and N+ N+, has the universal property 
of (G+, y). Thus we may identify G’ with H+*N’. 
Let 2, denote the connected component of the identity in the center of H. Let Z* 
denote the full center of H+, and let 2: be the connected component of the identity in Z*. 
Then Z: is the complex analytic subgroup of H+ whose Lie algebra is 3 BR C, where 3 
is the Lie algebra of Z,. Since H is reductive, H/Z is semisimple. It follows that H+/ZF 
is semisimple. Hence its center Z*/Z: is finite. 
Clearly, Zy coincides with the smallest complex analytic subgroup of Zl that con- 
tains Z,. Since H is reductive, Z1 is compact and thus is a toroidal group. Let d be the 
dimension of Z,. By [2, Lemma (2.2)], Z: is therefore complex analytically isomorphic 
with the direct product of d copies of the multiplicative group C* of the non-zero complex 
numbers, and Z, is the unique maximum compact subgroup of Z:. Now consider the 
closed analytic subgroup Zy +N” of G+. As a real analytic group, Zy is the direct product 
Zi x V, where V is a vector group. Accordingly, we have Z: *N+ = Z, *(V* N+), and 
V* N+ is a simply connected solvable real analytic group, and hence contains no non-trivial 
compact subgroup. Hence it is clear that Z, is a maximal compact subgroup of 
ZT*N+. 
Now let A be an element of S. Then AZ, is evidently compact, so that (AZ,) n (ZT - fV+) 
must coincide with Z,. Hence A n (Z: *IV+) c Z,. Since A n G = (l), this gives 
A n (ZT * N ‘) = (1). Hence the canonical homomorphism Gf + G+/(Zr * N+) induces 
a monomorphism on A. Now Z* * N+ contains the center of G+. Hence the canonical 
homomorphism induces an isomorphism of A onto a subgroup of the finite group 
(Z**N+)/(Z:*N+) = Z*/(Z* n (Z:.N’+)). H ence, in order to conclude that S is finite, 
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it suffices to show that only finitely many elements of S can have the same image in this 
last group. If two elements A and A’ of S have the same image there is a homomorphism 
CI: A + Z* n (Z: *N ‘) such that the map x -+ XU(X) is an isomorphism of A onto A’. If 
k denotes the order of Z*/Zf then cl(A) must lie in the subgroup of Z* n (ZT-N+) con- 
sisting of the elements y such that y” = 1. Since Z, is a maximal compact subgroup of 
Zrf* N+, these elements y must lie in Z,. Since Z, is a d-dimensional toroidal group, the 
group of these elements y is therefore of finite order k d. Thus E(A) lies in a fixed finite group, 
so that the number of possible homomorphisms CI is finite. We have proved that S is a 
finite set, and the proof of Theorem (1) is complete. 
The correspondence F -+ A of our theorem is actually a Galois correspondence between 
the set of all ample algebras of representative functions on G and a certain subset of S. 
Tke identification of F(G+) with FR(G) OR C yields an involution of the R-algebra F(G+), 
called the complex conjugation determined by G and denoted 4; this is determined by the 
condition that it leave the elements of FR(G) fixed and induce the ordinary complex conju- 
gation on C. The representation of G+ by left translations on F(G)+ is an isomorphism 
of G+ onto the group of all C-algebra automorphisms of F(G+) that commute with the 
right translations [l, Theorem (9.4)]. Hence, if x E G’, there is one and only one element 
I&C) in G+ such that, for every elementfof F(G+), $(x).f= +(x$(f)). The map$ : G+ -+ Gf 
that is so defined is easily seen to be an idempotent real analytic automorphism of G+ 
that leaves the elements of G fixed. Let us call $ the complex conjugation of G+ that is 
determined by G. One verifies immediately that if A is an’element of S that is obtained, 
as in Theorem (I), from an ample algebra of representative functions then $(A) = A. 
Conversely, let A be an element of S that is stable under II/. Then FJG)” is stable under 4, 
so that Fe(G)A = F @n C, where F is the &fixed part of Fc(G)A. Clearly, F is stable under 
the translations and the involutionf-tf’. Now let A’ be the subgroup of G+ consisting of 
all elements x such that x.f = f for every element f of F. Then we have A c A’ and 
F,-(G)A’ = F,-(G)A. On the other hand, G+/A is an algebraic linear group and the algebra 
of all rational representative functions on G+/A is F(G+)A = F,-(G)A, because A is a finite 
central subgroup and so an algebraic normal subgroup of G+. Hence Fc(G)A separates 
the points of G’/A, so that we must have A’ = A. This shows also that F separates the 
points of G and is therefore an ample algebra of representative functions on G. Thus 
we have the following result: 
THEOREM (2). The correspondence F --) A of Theorem (1) is a one-to-one Galois corres- 
pondence between the set of all ample algebras of representatire functions on G and the set 
of alljinite central subgroups A of G+ such that A fi G = (1) and $(A) = A, where $ is the 
complex conjugation of G’ that is determined by G. 
Perhaps the simplest example of an ample algebra of representative functions other 
than FR(G) is the following. Let G = SL(2n + 1, R), where n is a positive integer. Let F 
be the subalgebra of F,(G) that is generated by the representative functions associated 
with the adjoint representation of G or with its dual. Then F is an ample algebra of 
representative functions. We have G+ = SL(2n + 1, C), and the group A corresponding 
to F is the group of scalar multiplications by the (2n + 1)th. roots of unity. 
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